The CPT map allows two states of a quantum field theory to be sewn together over CPT-conjugate partial Cauchy surfaces R 1 , R 2 to make a state on a new spacetime. We study the holographic dual of this operation in the case where the original states are CPT-conjugate within R 1 , R 2 to leading order in the bulk Newton constant G, and where the bulk duals are dominated by classical bulk geometries g 1 , g 2 . For states of fixed area on the R 1 , R 2 HRT-surfaces, we argue that the bulk geometry g 1 #g 2 dual to the newly sewn state is given by deleting the entanglement wedges of R 1 , R 2 from g 1 , g 2 , gluing the remaining complementary entanglement wedges ofR 1 ,R 2 together across the HRT surface, and solving the equations of motion to the past and future. The argument uses the bulk path integral and assumes it to be dominated by a certain natural saddle. For states where the HRT area is not fixed, the same bulk cut-and-paste is dual to a modified sewing that produces a generalization of the canonical purification state √ ρ discussed recently by Dutta and Faulkner. Either form of the construction can be used to build CFT states dual to bulk geometries associated with multipartite reflected entropy. arXiv:1909.09330v1 [hep-th] 
Introduction
The tensor network models of holography introduced in [1] (see also e.g. [2] [3] [4] [5] [6] ) motivate the idea that general codimension-2 surfaces in the bulk carry a notion of bulk quantum state. Furthermore, in simple tensor networks that yield quantum error correcting (QEC) codes [7, 8] the network in an entanglement wedge defines an isometry between a bulk state on the Ryu-Takayanagi (RT) surface and the state of the dual CFT on the corresponding boundary region. This provides an especially concrete model of the holographic entanglement wedge dualities proposed in [9] [10] [11] associated with the corresponding RT and Hubeny-Rangamani-Takayanagi (HRT) conjectures [12] [13] [14] . Such observations have inspired interesting suggestions for extending the holographic dictionary, including the recently conjectured surface-state correspondence [15] and a variety of proposed duals [16] [17] [18] [19] [20] for the so-called entanglement wedge cross section; see also related studies in [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .
In this work, we consider implications of the QEC tensor network paradigm for the natural operation of sewing together two CFT states over CPT-conjugate regions R 1 , R 2 . In a fully covariant discussion it is natural to use R 1 , R 2 to denote domains of dependence in the Lorentz-signature spacetimes M 1 , M 2 on which the CFT states are defined, and to then takeR 1 ,R 2 to be the complementary domains of dependence such that R 1 ∪R 1 and R 2 ∪R 2 respectively contain Cauchy surfaces for M 1 and M 2 . But it also suffices to fix Cauchy surfaces in M 1 , M 2 and to take (R 1 ,R 1 ) and (R 2 ,R 2 ) as pairs of complementary regions in the chosen surfaces. To avoid lengthy definitions we will use the two descriptions interchangeably. The latter description is particularly useful to define the boundaries ∂R 1 , ∂R 2 of our regions, which we take to be codimension-2 surfaces in M 1 , M 2 . As currently understood, tensor networks model only time-symmetric holographic states. We thus focus on this case in our introductory motivations, taking R 1 , R 2 be isometric in a time-orientation-preserving sense and writing R 1 = R = R 2 . However, we still require any sources in R 1 to be CPT-conjugate to those in R 2 .
For simplicity, we assume R to be associated with a factor H R of the CFT Hilbert space H CF T = H R ⊗ HR; i.e., we ignore complications associated with the type III von Neumann algebras of continuum quantum field theory. We also suppose that we have chosen a bilinear form B : H R ⊗ H R → C. Equivalently, we may construct B from the inner-product and a choice of anti-unitary operator that we choose to call
Given two states |α , |β defined by tensor networks T N 1 , T N 2 , we may use B to contract the indices in R and thus to build a new state |α# R β on a new boundary defined by joining together the complementary regionsR 1 ,R 2 . Assuming that (CP T ) R acts locally on each R-output of the network, this contraction is local as shown in the top line of figure 1 above. Such locality is expected in quantum field theories, since CP T must map the algebra of local operators in any spacetime region to the algebra in the CP T -conjugate region. Note that we are free to consider the case whereR 1 ,R 2 are distinct, so long as the sewing takes place over a common region R of the original boundaries. In the CFT context, this corresponds to the case where the original states |α , |β live on different spacetimes
We now suppose that, as in the QEC context above, each network T N i defines an isometry V i from a Hilbert space H γ R on its RT surface γ R to H R . This allows the sewn state |α# R β to be written in terms of two amputated tensor networks defined by removing the entanglement wedge of R from each T N i . In particular, |α# R β is obtained by sewing the amputated networks together along the RT surface (see 2nd line in figure 1) using the bilinear form
Furthermore, if we also have a notion of CPT on the RT surface γ R corresponding to some anti-unitary operator (CP T ) γ R : H γ R → H γ R , our RT sewing operatorB takes a particularly simple form when V 2 is CPT-conjugate to V 1 ; i.e., when
To see this, let us denote the inner product on either
This is just the natural contraction of indices on γ R defined by CP T γ R . And just as on R, if CP T γ R acts locally on γ R the contraction is local as shown in the second line of figure 1. The analogy with AdS/CFT would then suggest that in the timesymmetric case the CPT-sewing of two states over a region R is dual to the bulk cut-and-paste procedure shown in the final line of figure 1, where the initial data for the final spacetime is constructed by first removing the entanglement wedge of R from both original spacetimes and then sewing the remainders together along the RT surface, or more generally along the HRT surface in cases without time-symmetry.
Note that this initial data will generally not be smooth. While taking the limit at γ R from the R entanglement wedges shows that the fields are continuous at γ R , their normal derivatives typically change signs across this surface. As a result, as in the holographic canonical purification of [20] , applying our cut-and-paste to smooth bulk solutions generally leads to a spacetime with a mild shockwave (representing a discontinuity, but not a divergence, in the shear or matter stress tensor) propagating along both null surfaces orthogonal ato γ R .
In considering this analogy, it is important to recall that while the tensor networks of [7, 8] model certain aspects of holography, the properties of their Renyi entropies S n differ markedly from those of general holographic states (see e.g. [8] ). Renyi entropies involve powers of a density matrix ρ, and computing e.g. ρ 2 has much in common with the above sewing of CFT states. So one would expect similarly general failures of the above analogy. However, as described in [36, 37] , for a given choice of region R such tensor networks do correctly model the Renyi entropies of holographic states defined by first fixing the area of the HRT surface γ R = γR. More general states can then be described by superpositions, and thus can instead be modeled using the edge-mode tensor networks described in [38] , but for simplicity we first focus on fixed-area states below.
Continuing to use language appropriate to the time-symmetric case, we thus expect holographic systems to display a duality between sewing fixed-area versions of CFT states along R and the construction of a new bulk spacetime by gluing together the entanglement wedges ofR 1 andR 2 ; see again the final line of figure 1. We use the bulk path integral to give a simple argument for this duality below. In parallel with related assumptions in [20, 37] and to some extent also in [39] , this argument assumes that a natural saddle dominates the path integral. For simplicity we work with Euclidean path integrals and time-symmetric states, but as usual the arguments extend to more general time-dependent cases by upgrading Euclidean path integrals to Schwinger-Keldysh path integrals as in [40] .
In the special case where the original fixed-area states |α , |β are CPT-conjugate on the entire spacetime, the final state is just the canonical purifcation described in [20] of the density matrix induced onR 1 (or equivalently onR 2 ). Indeed, after understanding the fixed-area case it will be clear at leading order in G that a similar duality holds for arbitrary CFT states, so long as their bulk duals are dominated by a single classical geometry. This more general duality uses the same bulk cut-and-paste, but involves a modified CFT sewing procedure. Our construction thus generalizes that of [20] , and in particular can be used to construct CFT states dual to the cut-and-paste geometries of [31] associated with reflected multipartite entanglement.
We begin in section 2 with a brief review of fixed area states. The main argument follows in section 3. We close with some brief discussion in section 4, describing the modified CFT sewing needed for states whose HRT-areas have not been fixed as well as another generalization that involves sewing a given state to iteself.
Fixed-Area State Review
We are interested in CFT states prepared by path integrals and their dual bulk representations. For a given CFT region R and its complementaryR region, there is a diffeomorphsim-invariant bulk operator A(γR) that gives the area of the associated HRT surface γR = γ R . At least at the level of semi-classical bulk physics, this A(γR) is self-adjoint and we can imagine decomposing any state |ψ into eigenstates of A(γR), or into approximate eigenstates smeared over small regions of the spectrum of A(γR):
(2.1)
As described in [36, 37] this decomposition is deeply related to the quantum error correction (QEC) structure [41] of CFT states with respect to R and the complementary regionR. In particular, A(γR) is a central element of the algebra recovered by quantum error correction. However, we will not need the details of the relation to QEC here. Indeed, all we really need for the argument in section 3 are the following results (see e.g. [37] ):
(i) A(γR) can be reconstructed in either CFT region R orR.
(ii) At least at leading order in the bulk Newton constant G, the probability finding some approximate value for A is given by evaluating the path integral for the norm ψ|ψ with an extra constraint fixing the value of A = A(γR). Here as in [37] seek only to fix A up to O(G) corrections and not to define an exact area-eigenstate.
(iii) Since the constraint in (ii) prohibits us from integrating over one function of the bulk metric, saddle points of the constrained path integral need not satisfy the corresponding equation of motion. In Euclidean signature, it turns out that saddle points for the path integral with fixed A(γR) can include a codimension-2 conical defect anchored at the boundary to ∂R. As in [39] , one may think of this as a spacelike codimension-2 cosmic-brane anchored to the boundary at ∂R. This brane describes γR for the fixed-area state, and the surface is required as in [39] to satisfy equations of motion that force it to become extremal when the conical deficit vanishes 1 . While the conical angle must be constant along the brane, its value is not constrained. Instead, one adjusts the deficit/excess to attain the desired A(γR).
However, considering a further ingredient elucidates the role played by fixed-area states. As shown in [36, 37] the density matrix ρR onR defined by each near-eigenstate |ψ; A has a flat spectrum of eigenvalues at leading order in G, meaning that to this order all non-zero eigenvalues of ρR are equal, and thus equal to e −S where S is the von-Neumann entropy of ρ R . As a result, in a Schmidt decomposition of |ψ; A with respect to H R and HR, one finds all Schmidt coefficients to be equal in magnitude and we have
, applying the sewing-over-R construction described in the introduction yields
Note that, although the final result is no longer normalized, we again find all terms to have equal weight. In contrast, each full state |ψ 1 , |ψ 2 (obtained without first fixing the area) is generally a sum over states of the form (2.2) weighted by positive functions 2 P 1 (A), P 2 (A), where P 1 (A) = P 2 (A) = P (A) are the probabilities to find HRT-areas A in each state and the probabilities must agree if the states are CPT-conjugate on R. The original states were thus sums over e S(A) ≈ e A/4G Schmidt terms for each A, with each term weighted by e −S(A)/2 P (A). And since distinct area eigenvalues yield orthogonal states, the sewn state |ψ 1 # R ψ 2 is then a sum of e S(A) Schmidt terms for each possible area A, with each term weighted by e −S(A) P (A). As a result, the probabilities to find each A in the sewn state |ψ 1 # R ψ 2 are given by a new distribution P (A) = N e −S(A) [P (A)] 2 for an appropriate normalization constant N , and the relative probabilities for different values of A(γR) generally differ markedly from those in either |ψ 1 or |ψ 2 . This makes it clear that |ψ 1 # R ψ 2 cannot be described by a simple cut-and-paste construction based on the bulk geometries dual to |ψ 1 and |ψ 2 , as in particular such a construction would predict the wrong expectation value for A(γR).
As described in [36, 37] , such effects should be interpreted as meaning that when one computes |ψ 1 # R ψ 2 the dominant bulk geometry shifts away from those that dominate |ψ 1 and |ψ 2 . Preventing this shift would require re-weighting the Schmidt coefficients by hand. This approach will be discussed further in section 4, and can be used to construct the canonical purification of [20] .
On the other hand, for fixed area states generic terms appearing on the right-handside of (2.2) and (2.3) are expected to be macroscopically indistinguishable in the bulk. In this case, (2.2) and (2.3) are each dominated by a single classical bulk geometry, and the above formulae certainly suggest that the geometry dual to |ψ 1 # R ψ 2 can be built by pasting together theR entanglement wedges from the geometries dual to the original states |ψ 1 and |ψ 2 .
3 Sewing, Cutting, and Pasting in fixed-area states
We now proceed to the main argument. For simplicity, we consider states invariant under CPT and use Euclidean path integrals. But -at least at this order in G -the more general case is identical with the understanding that Euclidean path integrals are replaced by Schwinger-Keldysh path integrals as in [40] and also that the bulk gluing of entanglement wedges becomes the construction of [43] . Although [43] focussed on gluing a single entanglement wedge to a CPT-copy of itself, it also discussed more general gluings and found matching conditions that are automatically satisfied in our context 3 . In the general case we must take the states |ψ 1 , |ψ 2 to be associated with CFT spacetimes M 1 , M 2 containing CPT-conjugate regions R 1 , R 2 over which the states will be sewn together to define |ψ 1 , |ψ 2 . But in the time-symmetric context the regions become isometric in a time-orientation-preserving sense and it is natural to write R 1 = R 2 = R while still requiring any sources on R 1 to be CPT-conjugate to those on R 2 .
As mentioned above, we suppose the states |ψ 1 , ψ 2 to be prepared by Euclidean path integrals. Since we assumed the states are CPT-invariant, we may take each path integral to be invariant as well. As a result, the CFT spacetime of each path integral has a preferred surface left fixed by the action of CPT. We refer to this surface as t = 0. If each state is described by a unique semi-classical geometry in the bulk, these geometries must have similarly-defined surfaces that we may again call t = 0.
As our construction is local in time, it suffices for the region R to be a partial Cauchy surfaces, perhaps slightly thickened in time to remove UV divergences. Sewing our states together along R to build the new state 4 |ψ 1 # R ψ 2 is then merely a matter of stitching together the path integrals as shown in the top row of figure 2. The sewn CFT state lives on a new spacetime in which regionsR 1 ,R 2 now partition a CFT cauchy surface. So in any new bulk the HRT-surface forR 1 will also be the HRT-surface for R 2 . For simplicity, we simply refer to it as γR.
We wish to consider the state |ψ 1 # R ψ 2 ; A defined by projecting |ψ 1 # R ψ 2 onto a small range of eigenvalues for the HRT-area A(γR) centered on the eigenvalue A.
Since the associated projection operator Π A satisfies Π 2 A = Π A , and since Π A can be reconstructed on bothR 1 andR 2 in the original states, projecting first to yield |ψ 1 ; A , |ψ 2 ; A and then sewing these states together on R must yield the same state |ψ 1 # R ψ 2 ; A ; see [37] for further discussion of such issues.
Using the sew-first, project-second construction of |ψ 1 # R ψ 2 ; A , points (2) and (3) from section 2 imply that the norm
is given by sewing together the partition-function path integrals giving separately the norms ψ 1 |ψ 1 , ψ 2 |ψ 2 , and allowing the bulk dual to contain a conical singularity anchored to ∂R 1 = ∂R 2 . The value of the conical deficit/excess is to be turned to yield the desired value for A(γR). Furthermore, the two fixed-area states |ψ 1 ; A , |ψ 2 ; A are associated with similar bulk path integrals fixing the areas of γR 1 and γR 1 to the same desired value. As noted above, the leading bulk saddles g 1 (A), g 2 (A) for each will have a well-defined t = 0 surface. And each t = 0 surface will intersect the relevant entanglement wedge of R.
We now construct a saddle g(A) = g 1 (A)# R g 2 (A) for Z by the following procedure. 
Top Row: When the regions R = R 1 and R = R 2 are CPT-conjugate, path integrals (semi-circles, shown separately at left) for pure CFT states ψ 1 on R 1R1 and ψ 2 on R 2R2 can be sewn together to give a path integral representation of ψ 1 # R ψ 2 onR 1R2 (right). In the time-symmetric case, the path integrals may be taken to be Euclidean. Center Row:
The corresponding path integral for the norm Z = |ψ 1 # R ψ 2 | 2 of the sewn state is shown at left. Another representation of the same path integral is shown at right, differing only by a diffeomorphism that compresses to semi-circles those path-integral-parts that were (nearly) entire circles at left. Bottom Row: The dominant bulk saddles for path integrals computing the individual norms Z 1 = |ψ 1 | 2 , Z 2 = |ψ 2 | 2 can be cut open through the entanglement wedges of R 1 , R 2 as shown at left. Since the two states are CPT conjugate on R, the data on the upper cuts is also CPT-conjugate, as is the data on the lower cuts. As a result, we can join the cut saddles to build a saddle for Z = |ψ 1 # R ψ 2 | 2 as shown at right. Dashed lines indicate t = 0 in the wedges dual tō R 1 ,R 2 . The t = 0 surface in the glued saddle (right) is obtained by gluing together these parts of t = 0 from the original saddles (left). that lie in the entanglement wedges of R. Second, glue together the resulting Euclidean geometries by gluing together the upper parts of the two cuts and by also gluing together the lower parts of the two cuts; see figure 2 (right). This introduces a conical excess of 2π along γR, but that is allowed in a fixed-area state. Indeed, we are instructed to tune a conical singularity there to attain the desired area A.
Since g 1 (A), g 2 (A) already had the correct value of this area, and since continuity of g 1 (A), g 2 (A) allows us to take a limit in which γR is apporached from the CPTconjugate entanglement wedges of R, we see that both g 1 (A) and g 2 (A) induce the same geometry on γR. This is also the geometry induced on γR by the glued saddle g(A) = g 1 (A)# R g 2 (A). It follows that the area constraint is satisfied by g(A) = g 1 (A)# R g 2 (A). The geometry g(A) = g 1 (A)# R g 2 (A) also clearly satisfies all equations of motion away from γR and all desired boundary conditions at AdS-infinity. To see that the equations of motion are satisfied on the gluing surface away from γR, recall that the saddles g 1 (A), g 2 (A) are CPT-conjugate in the entanglement wedge of R. Since the cuts lie in that wedge, the saddles g 1 (A), g 2 (A) induce CPT-conjugate data on the codimension-1 gluing surface. This means that g(A) = g 1 (A)# R g 2 (A) is smooth across this surface away from γR, and thus that the desired equations of motion are satisfied. We conclude that g(A) = g 1 (A)# R g 2 (A) yields a valid saddle for the bulk path integral computing Z.
Assuming that this saddle dominates the path integral, the state |ψ 1 # R ψ 2 ; A must be dual to a Lorentz-signature bulk gometry given by evolving initial data from the t = 0 surface of g(A) = g 1 (A)# R g 2 (A). By this we again mean the surface invariant under the CPT-symmetry of the path integral. But as can be seen from the last line of figure 2, in g(A) = g 1 (A)# R g 2 (A) this bulk t = 0 surface is given by sewing together the parts of the t = 0 surfaces of g 1 (A) and g 2 (A) lying in the entanglement wedges ofR 1 ,R 2 . This is precisely the desired result: For fixed-area states, the bulk dual of the natural CPT-sewing of the CFT states over R is defined by gluing together the associated bulk entanglement wedges for the complementary regionsR 1 andR 2 .
Discussion
The above work studied the natural CPT-sewing of two quantum field theory states over CPT-conjugate regions R 1 , R 2 for holographic CFTs dual at leading order in the bulk Newton constant G. In the time-symmetric case, R 1 and R 2 are isometric in a time-orientation-preserving sense and we can write R 1 = R 2 = R with the understanding that R contains CPT-conjugate sources in the two CFT spacetimes. We considered states |ψ 1 ; A , |ψ 2 ; A of fixed bulk HRT-area A that are also CPT-conjugate to each other in R, and argued that the bulk geometry dual to the sewn state |ψ 1 # R ψ 2 ; A can be obtained from the geometries g 1 (A), g 2 (A) dual to the original states |ψ 1 ; A , |ψ 2 ; A by extracting from g 1 (A), g 2 (A) the entanglement wedges of the regionsR 1 ,R 2 complementary to R and gluing these wedges together to define g(A) = g 1 (A)# R g 2 (A) as in the last line of figure 1. The work above assumed the bulk to be described by Einstein-Hilbert gravity, but using results from the forthcoming work [42] and assuming extensions of the matching conditions in [43] to the higher derivative context, analogous conclusions will continue to hold with arbitrary perturbative higher-derivative corrections.
As discussed in detail in footnote 3, the wedges ofR 1 ,R 2 will always satisfy the matching conditions of [43] . This means that the spacetime g(A) = g 1 (A)# R g 2 (A) is well-defined, and in particular satisfies the gravitational constraint equations at γR. However, the fields need not necessarily be as smooth as in the original g 1 (A), g 2 (A). While continuity of fields at γR follows from taking limits from the R 1 , R 2 entanglement wedges, normal derivatives at γR typically change by a sign across this surface. So unless such normal derivatives vanish, g(A) = g 1 (A)# R g 2 (A) will contain a mild shockwave propagating along both the past-and future-directed null congruences orthogonal to γR describing a discontinuity, but not a divergence, in the null congruence shear and the matter stress tensor. The same phenomonon occurs in the bulk geometry g √ ρ R dual to the canonical purification √ ρ R (see [20] ), and in fact our g(A) = g 1 (A)# R g 2 (A)
is at least as smooth as the roughest of g 1 (A), g 2 (A), √ ρ R . It would be interesting to understand better how such shocks are encoded in the CFT states, presumeably by studying the modular zero modes discussed in [44] . Our argument assumed the bulk path integral for |ψ 1 # R ψ 2 ; A to be dominated by a natural saddle. This is directly analogous to similar assumptions in [37] and [20] . A related assumption was also made in the classic work by Lewkowycz and Maldacena [39] , though there the relevant saddle was required to dominate only in the limit n → 1 of trivial replica number. As in the works above, this assumption leads to an elegant picture. But as always it deserves further investigation.
In fact, for our duality to hold the states |ψ 1 ; A , |ψ 2 ; A need only be CPTconjugate on R to leading order in the bulk Newton constant G. That is because our construction required only that the states have bulk duals in which the R entanglement wedges are CPT-conjugate, and also because we focused only on leading-order results in G. Now, as usual, one may also consider higher-order corrections. But the leading-order construction implies the bulk dual of |ψ 1 # R ψ 2 ; A to have quantum fields on g 1 (A)# R g 2 (A) defined by the path integral over the above-mentioned saddle even when the states on R are fail to be CPT-conjugate to higher orders, and this path integral in fact simply implements the natural CPT-sewing of bulk quantum states. We thus see that a consistent picture of the bulk and its higher-order corrections can be obtained even when the original states are only CPT-conjugate on R at leading order in G.
When the states |ψ 1 ; A , |ψ 2 ; A are CPT-conjugate to this order everywhere, our |ψ 1 # R ψ 2 ; A gives the canonical purification described in [20] of the density matrix ρR 1 defined by |ψ 1 ; A . This state is also the canonical purification of the density matrix ρR 2 defined by |ψ 2 ; A . However, the canonical purification is also defined for states |ψ 1 , |ψ 2 in which the area is not fixed. In general, one may think of this purification as √ ρR 1 (or as √ ρR 2 ) defined by the positive operator-square-root of ρR 1 (ρR 2 ) and with such operators reinterpreted as states on a doubled Hilbert space by combining CPT with the adjoint operation to linearly map bra-vectors into ket-vectors via (CP TR 1 α|ψ ) † = α ψ|(CP TR 1 ) † . From the perspective of fixed-area states, the point of using √ ρR 1 , √ ρR 2 instead of simply ρR 1 , ρR 2 is that -when interpreted as states on the doubled Hilbert space -the former have Schmidt coefficients c k of the same magnitudes as in the original states |ψ 1 , |ψ 2 . In contrast, the Schmidt coefficients defined by ρR 1 , ρR 2 are |c k | 2 . As described in section 2, this means that (when interpreted as pure states on the doubled Hilbert space) bulk duals to √ ρR 1 , √ ρR 2 will have the same area for the HRT surface as those dual to |ψ 1 , |ψ 2 . In contrast, one generally finds a very different HRT-area in any bulk dual to this pure-state-on-a-doubled-Hilbert-space interpretation of ρR 1 , ρR 2 .
In this way, the natural CPT-sewing tends to change the weighting of bulk geometries associated with different components of CFT states |ψ 1 , |ψ 2 . This can be counteracted by re-weighting the various components by hand, or equivalently by using a modified sewing operation. Since we require |ψ 1 , |ψ 2 to be CPT-conjugate on R, they define CPT-conjugate density matrices ρ R 1 , ρ R 2 . Regardless of whether these are fixed-area states, one may thus choose to sew the states together using not just the natural CPT-sewing of (1.3), but instead using
Here the action of (ρ −1/2 R i ⊗1R i ) is defined using the factorization H CF T = H R i ⊗HR i and the subscript ρR on B indicates that the sewing map depends on the pair of states on which it will act. The latter contrasts with the universal map (1.3) that can be used for arbitrary fixed-area states. It is the price to be paid to prevent the dominant bulk geometries onR 1 ,R 2 from shifting when we sew together two states in the CFT. However, as a bonus when the states on R 1 , R 2 are CPT conjugate to higher orders in G, using the modified sewing (4.1) also ensures that the higher-order bulk quantum states are unchanged by the sewing withinR 1 ,R 2 . As in [20] , new features of the bulk quantum state can then arise only to the future or past of the gluing surface γR.
Let us denote the result of the above modified sewing as |ψ 1 # ρR ψ 2 , again indicating that the sewing depends on the density matrix and not just on the choice of region R. When |ψ 1 is CPT-conjugate to |ψ 2 on the full CFT, our (4.1) gives |ψ 1 # ρR ψ 2 = √ ρR;
i.e., this is the canonical purification of [20] . But to ensure that the dominant value A dom of A(γR) is the same in |ψ 1 # ρR ψ 2 as in |ψ 1 , |ψ 2 , it suffices for the states to be CPT-conjugate only on R. This ensures that |ψ 1 and |ψ 2 yield the same probabilities P (A γR ) for each possible HRT-area A γR , and thus that these are also the probabilities in |ψ 1 # ρR ψ 2 . Furthermore, at leading order in G we have
where the right-most expression denotes the natural sewing of two fixed-area states using the original map (1.3). It thus follows that |ψ 1 # ρR ψ 2 is dual to the bulk geometry g 1 (A dom )# R g 2 (A dom ) shown to be dual to |ψ 1 ; A dom # R |ψ 2 ; A dom in section 3. And since A dom is the dominant value of A(γR) in each case, the geometries g 1 (A), g 2 (A) also describe the bulk duals to to the full original states |ψ 1 , |ψ 2 . In other words, for general CFT states whose HRT-areas need not already be fixed, the bulk cut-andpaste operation shown in the final line of figure 1 is dual to the CFT sewing operation |ψ 1 # ρR ψ 2 . One should also be able to give an alternative argument more directly parallel to that in [20] .
Our results generalize not only the construction of [20] , but also previous analyses [45, 46] of bulk duals of CFT sewing in 2+1 multi-boundary wormholes. In retrospect, the complications of [45, 46] were largely due to the shift of the classical bulk saddle under the natural CPT-sewing of the CFT states when fixed-area constraints are not included.
Let us now discuss two further generalizations. First, one may note that the results of [43] allow two entanglement wedges with appropriately-compatible data on the HRTsurfaces to be directly sewn together without first embedding each in a larger geometry, and certainly without requiring the complementary wedges in that geometry to be CPTconjugate. It is thus natural to ask if there is a good CFT dual to this more general bulk gluing. We suspect that the answer is affirmative, but also that that constructing the dual state will require significant further input. Again, the fixed-area-state analysis provides some insight. The bulk geometries should have the same induced metric on the HRT surface, and in particular should have the same HRT-area. For fixed-area states, to leading order in G the dual density matrices ρ 1 , ρ 2 should then both be proportional to projections onto subspaces of dimension e S which we call H 1 , H 2 . Choosing a pure state on the product system whose reduced density matrices are ρ 1 , ρ 2 is then equivalent to choosing a unitary map from the dual Hilbert space H * 1 to H 2 . But since H * 1 and H 2 are large, there is a correspondingly large space of such unitary maps. In contrast, we expect that only a small subset will give CFT states with semi-classical bulk duals. In particular, in the bulk quantum fields should approach the vacuum in the deep UV near the HRT-surface, so using the bulk-to-boundary dictionary from [44] this should impose requirements on the CFT state associated with certain modular zero modes.
Turning now to a second generalization, let us return to the context where we start with a full pure CFT state |ψ . Given a single such state, one may be interested in sewing |ψ to itself in the following sense: Suppose that there are spacelike-separated regions R 1 , R 2 in the CFT spacetime for which the metric and sources on R 1 are CPTconjugate to those on R 2 , and for which the density matrices ρ R 1 , ρ R 2 defined by |ψ are also CPT-conjugate. Then one might also consider taking the dual bulk geometry g 0 and excising both the wedge dual to R 1 and the wedge dual to R 2 . If I(R 1 , R 2 ) vanishes to leading order in 1/G, this leaves only the wedge dual to R 1 ∪ R 2 =R 1 ∩R 2 . One might then wish to glue the two edges γR 1 , γR 2 of this wedge to each other and then ask if there is a good CFT dual.
Our construction can indeed be used to give such a CFT dual when the wedges of R 1 , R 2 are sufficiently well separated in the bulk. In particular, we show below that this is the case when there is an intermediate CFT region R int i) satisfyingR 2 ⊃ R int ⊃ R 1 , ii) having no leading-order mutual information with R 2 (so that I(R int , R 2 ) = O(1), and iii) such thatR int has no leading-order mutual information with R 1 (so that
Under such conditions, the desired sewing can be accomplished by instead sewing the original state |ψ to the canonical purification √ ρ R int of ρ R int , where the sewing takes place along a new region R sew . In |ψ , we take R sew = R int ∪ R 2 , while in √ ρ R int we take we take R sew =R int ∪ R 1 . To apply our earlier arguments we must then show the corresponding bulk wedges to be CPT-conjugate. But condition (ii) above means that in |ψ the entanglement wedge of R sew is the unions of the wedges of R int and of R 2 ; see top two lines of figure 3 below. And since the geometry dual to √ ρ R int agrees with that dual to |ψ in the entanglement wedge of R int , condition (ii) similarly implies that the entanglement wedge of R sew in √ ρ R int is the union of the wedges ofR int and of R 1 . Since the wedges of (R int ,R int ) and (R 2 , R 1 ) form CPT-conjugate pairs, the entanglement wedges of R sew in the two spacetimes are then also CPT-conjugate.
It remains only to compute the bulk geometry dual to the properly-sewn state. This geometry clearly consists of the wedge dual toR sew = R int \ R 1 from √ ρ R int glued to the wedge dual toR sew =R int \ R 2 from |ψ . But condition (ii) above means that the second wedge is given by removing the entanglement wedge of R 2 from the wedge ofR int . And since the geometry of the wedge dual to R 1 is identical in both |ψ and √ R int , condition (iii) similarly implies that the first wedge is given by removing the entanglement wedge of R 1 from the wedge of R int . Gluing these together along γ Rsew then gives the entanglement wedge of R int ∪R int (i.e., the full bulk spacetime dual to the original state |ψ ), with the wedges of R 1 and R 2 removed and with γ R 1 glued Figure 3 : A cut-and-paste on a single bulk geometry. Top Row: At left, two boundary regions R 1 , R 2 and their RT surfaces γ R 1 , γ R 2 are marked on a time-symmetric slice of a bulk geometry g ψ . The wedges of R 1 , R 2 are assumed to be CPT-conjugate. At right, a new intermediate boundary region R int satisfyingR 2 ⊃ R int ⊃ R 1 has been marked along with its RT surface γ R int . Center Row: On the boundary of g ψ we have defined R sew = R int ∪ R 2 (left). At right is the geometry g √ ρ int dual to the canonical purification √ ρ R int of ρ R int . The upper half of its boundary is R int , while the lower half definesR int . Here we take R sew =R int ∪ R 1 . Assuming conditions (ii) and (iii) from the main text, the entanglement wedge of R sew in g ψ (left) is the union of wedges for R int and R 2 (shaded regions), while in g √ ρ int (right) the entanglement wedge of R sew is the union of wedges forR int and R 1 (also shaded). The shaded regions in the two geometries are CPT-conjugate. Bottom: Excising the entanglement wedge of R sew from both g ψ and g √ ρ int and gluing the remaining (unshaded) parts along γ Rsew = γ R int ∪γ R 1,2 gives g ψ # Rsew g √ ρ R int . The gluing along γ R int simply reassembles the full wedge dual tō R 1 ∩R 2 in g ψ . Gluing along the remaining piece of γ Rsew identifies γ R 1 with γ R 2 .
to γ R 2 as shown in the bottom line of figure 3. We have thus shown the desired bulk geometry to be dual to |ψ# Rsew √ ρ R int . In the above discussion of gluing a state to itself, the vanishing leading-order mutual information between R int and R 2 , and betweenR int and R 2 , in fact played two key roles. First, these conditions ensured that the states √ ρ R int and |ψ were appropriately CPT-conjguate so that our results could be applied. But even if this were somehow independently guaranteed, our algorithm amputates the bulk duals to both of these states along γ Rsew and then glues the remaining pieces together to define the final bulk spacetime. When either of the above leading-order mutual informations are is nontrivial, the amputation step would remove a larger piece of the bulk, and the final geometry would be distinctly smaller than that obtained by simply gluing γ R 1 to γ R 2 . We will largely leave applications of our construction for future investigation. However, before closing we briefly note that it can be used to implement the bulk gluing operations described in the second construction of [47] , this giving a CFT state in which the so-called multipartite entanglement-wedge cross-section [24] can be realized as the entropy of a region of the CFT 5 . In contrast, the first construction of [47] involves gluing a state to itself. As discussed above, in that case our procedure can be applied only when conditions (i), (ii), and (iii) are satisfied. While we expect that this is in fact the case in the first construction of [47] , we have not attempted to give an exhaustive proof. Other applications remain to be investigated, but it would be especially interesting to understand if arguments like those above could be used to derive the surface-state correspondence of [15] or related results.
